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Abstract. The nonparametric estimation of the power spectral density of uniformly-spaced data with missing
samples is revisited. Classical estimators, such as the standard periodogram and the Lomb-Scargle periodogram,
are biased when samples are missing. The classical method to obtain an asymptotically-unbiased estimator is to
take the finite Fourier transform of the standard unbiased estimator of the autocorrelation function. However, the
latter estimator is not necessarily positive semidefinite, so its finite Fourier transform can yield negative power
spectral density values at some frequencies. To avoid this problem, Gao et al. (2021) have proposed taking the
absolute value of the finite Fourier transform of the standard unbiased estimator of the autocorrelation function
to estimate the power spectral density of data with missing samples. We show that the estimator of power spectral
density proposed by Gao et al. (2021) is even more biased than classical estimators and should not be used for
quantitative analysis of spectral characteristics such as spectral slope in log-log space. We illustrate this using
both synthetic data from fractional Brownian processes and actual data from a laboratory experiment of decay-
ing turbulence in an active grid-generated air flow, to which we apply synthetic Bernoulli and batch-Bernoulli
sampling functions to simulate missing samples. In fact, negative values of power spectral density estimates for
particular realizations of a random process with missing samples should be retained, so that when sufficiently
averaged the estimate will be nonnegative, and will not contain the bias induced from taking absolute values as
Gao et al. (2021) propose. It is also proposed here to use the circular unbiased estimator of the autocorrelation
function, the finite Fourier transform of which yields a power spectral density estimator identical to the stan-
dard periodogram estimator in the absence of missing samples. Its advantages are reduced variance and reduced
computing memory usage compared to the finite Fourier transform of the standard unbiased estimator of the
autocorrelation function. Both power spectral density estimators, when sufficiently averaged, are able to recover
the —5/3 spectral slope of the decaying turbulence data even when 50 % of the data are missing. A Matlab
implementation of the proposed estimator is provided.

on the slope of the power spectral density (PSD) in log—log

Spectral analysis, i.e., estimating how the total power of
a signal is distributed over frequency, finds applications in
many diverse fields, such as meteorology, oceanography, as-
tronomy, seismology, radar and sonar systems, medicine and
economics, to name a few (Stoica and Moses, 2005). In par-
ticular, in meteorology and oceanography, a spectral analy-
sis of turbulent flow quantities such as velocity and tempera-
ture is often performed to diagnose turbulence regimes based
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space (e.g. Obukhov, 1941; Corrsin, 1951; Grant et al., 1962;
Charney, 1971; Nastrom and Gage, 1985). The slope is usu-
ally determined by least-squares fitting a straight line to the
PSD in log-log space, which requires an unbiased PSD es-
timator to properly diagnose turbulence regimes. The first
non-parametric PSD estimator was the periodogram (Schus-
ter, 1898). Wiener (1930) and Khintchine (1934) showed
that PSD can also be estimated by taking the Fourier trans-
form of the signal autocorrelation function, called the correl-
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ogram estimator. Unfortunately, since processes are always
observed over a finite period of time, both the finite peri-
odogram and correlogram estimators are biased due to spec-
tral leakage (Stoica and Moses, 2005). However, both esti-
mators are asymptotically unbiased, which means that as the
observed period of time becomes longer, the bias becomes
smaller. The main problem with these estimators is that they
are inconsistent, since their variance does not decrease as the
observed period of time becomes longer. Several methods
have been proposed in the literature to decrease the variance
of the estimated PSD (Bartlett, 1948; Blackman and Tukey,
1958; Welch, 1967), but they have the drawback of increas-
ing its bias.

The estimation of PSD becomes even more difficult when
samples are missing within the observed period of time. The
simplest way to deal with this problem is to compute the
periodogram or the standard biased correlogram using only
the available data, which is equivalent to replacing the miss-
ing samples with zeros. This increases both the bias and the
variance of the PSD estimators. More effective methods have
been developed with different approaches dedicated to pro-
cesses with periodic (deterministic) signals and to random
processes with continuous spectra. For the former, the most
commonly-used method is the Lomb-Scargle periodogram
(Lomb, 1976; Scargle, 1982). For the latter, which is more
relevant for turbulence measurements, two different classes
of methods have been proposed: parametric methods, which
postulate a model for the data and therefore a functional form
for its spectrum, and nonparametric methods, which make
no assumption on the functional form of the spectrum. Non-
parametric methods consist of either reconstructing missing
samples through interpolation (e.g. Plantier et al., 2012), or
refining the correlogram estimator using only the available
data, without replacing missing samples with zeros. The lat-
ter method appears to have been first proposed by Jones
(1962) for the special case of periodically missing samples,
and subsequently generalized to more general missing data
patterns (Parzen, 1963; Scheinok, 1965; Bloomfield, 1970;
Jones, 1971; Efromovich, 2014; Damaschke et al., 2024),
and to irregularly-sampled data (Gaster and Roberts, 1975;
Clinger and Van Ness, 1976; Babu and Stoica, 2010).

A seemingly major problem with the latter approach is
that, when some samples are missing, the estimated autocor-
relation function is no longer necessarily positive semidefi-
nite, potentially leading to negative PSD values at some fre-
quencies. Although this problem has been acknowledged for
a long time (e.g., Jones, 1971), a recently published work at-
tempted to bypass the oddity of negative spectral density esti-
mates by taking the absolute value of the Fourier transform of
the standard unbiased estimator of the autocorrelation func-
tion (Gao et al., 2021, see line 5 of their Matlab functions
acf2psd1D and acf2psd2D in their Figs. D2 and D3, respec-
tively). Unfortunately, doing so does not provide an unbi-
ased PSD estimator, as will be illustrated below. The code
published by Gao et al. (2021) has been used in a few other
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published works (Li et al., 2021; Ma et al., 2024; Robache
et al., 2025) in which PSD are estimated from data with miss-
ing samples. A primary purpose of this paper is to refute the
practice of replacing negative PSD estimates with their ab-
solute values, since after averaging, the PSD will be biased
to a degree which depends on the number and distribution of
missing samples. Power spectral slopes are used in these pa-
pers to diagnose turbulence regimes. Potentially biased PSD
estimates may therefore distort spectral slopes and lead to
erroneous diagnostics.

Although most of the literature on the subject has fo-
cused on reducing the variance of PSD estimators (see Efro-
movich, 2018, for a recent account), following Damaschke
et al. (2024), we will focus here on the bias of PSD esti-
mators, assuming that their variance can be sufficiently re-
duced by averaging a large number of independent estimates.
The main purpose of this paper is to stress that to obtain an
asymptotically-unbiased estimation of the PSD of a signal
with missing samples, it is actually necessary that the esti-
mator yield sometimes negative values. Since the estimator
is asymptotically-unbiased, by averaging a sufficiently large
number of independent PSD estimates, the averaged values
should converge toward the true (positive) PSD of the signal
at all frequencies, provided that the sampling function is in-
dependent of the signal and that the period of observation is
sufficiently long.

The paper is organized as follows. Section 2 gives some
theoretical background about Wiener—Khinchin’s theorem
for both infinite (Sect. 2.1) and finite data (Sect. 2.2), and
proposes a new PSD estimator for data with missing sam-
ples (Sect. 2.3). Section 3 illustrates the effects of missing
samples on PSD estimation using synthetic data from frac-
tional Brownian motion processes (Sect. 3.1) and actual data
from a laboratory experiment of decaying turbulence in an
active grid-generated air flow (Sect. 3.2). Section 4 proposes
some discussion and conclusions. The derivation of Wiener—
Khinchin’s theorem for finite discrete data is given in Ap-
pendix A, and the algorithm to compute the proposed PSD
estimator is detailed and generalized to compute the cross-
spectral density of two random processes in Appendix B.

2 Theoretical background

2.1  Wiener—Khinchin theorem for infinite continuous
data

The Wiener—Khinchin theorem (Wiener, 1930; Khintchine,
1934) states that the auto-spectral density function Sy, (f) of
an infinite continuous stationary random process x(¢) (real
or complex) is the infinite Fourier transform of the auto-
correlation function R, (7) of the process, a result often used
to define the auto-spectral density function (e.g. Stoica and
Moses, 2005; Bendat and Piersol, 2011) by
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o0

Sex(f) = f Ryx(r)e 2™ Tdr, (1

—0oQ
where the auto-correlation function R, (7) is defined by
E [x(t + T)x*(t)] , )

where E is the expected value operator and * denotes com-
plex conjugation. Sy (f) is finite, provided that

Ryx(7) =

/ |Ryx(7)ldT < 00, 3

which requires that the mean value of x(¢) be zero.

Another definition of the auto-spectral density function is
based on the finite Fourier transform of x(z), which is defined
by

T/2

X(f,T)= / x(He 27l gy, )

-T/2

where T is a finite time interval. Then, the auto-spectral den-
sity function is defined by

Sex(f) = TEIEOOE [Sxx(f9 T)] > (5)
where

1
Sex(f. T) = - X(f, DX*(f. 7). (6)

The Wiener—Khinchin theorem states that Eqgs. (1) and (5)
are mathematically equivalent.

2.2 Wiener—Khinchin theorem for finite discrete data

The Wiener—Khinchin theorem is formally valid only for in-
finite stationary random processes. In practice, processes are
observed over finite time intervals, which leads to a subtle
modification of the theorem. The derivation of the Wiener—
Khinchin theorem for finite discrete data is given in Ap-
pendix A, and the main result is presented here.

Consider a time series of N samples {x,},n =0,...,N—1,
sampled at equally spaced time intervals At from an infi-
nite, continuous, and stationary random process x(¢), such
that x, = x(nAt), spanning the time period 7' = N A¢. Its
discrete finite Fourier transform is defined by

N—1
ik
Xp = ane*’?ffwnm k=0, ...,
n=0

N-—1. 7

The periodogram estimator of the auto-spectral density
of x is defined by (Stoica and Moses, 2005)

1
Stes = 7 Xk X[ ®
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The Wiener—Khinchin theorem for finite discrete data
states that the periodogram estimator of the auto-spectral
density of x is the finite Fourier transform of the circular es-
timator RS, of the autocorrelation function of x,

k
”k_ZRXM TRTNIAL k=0,...,N—1, )
where RY, , is defined by (Bendat and Piersol, 2011)
R;Xﬂ =
i ilx,,,x* forn =0,
ml_v(] - (10)
( > XmgnXpy F Z xmﬂ,,ij;l) forn=1,...,N—1.
m=0 m=N-—n

An important property of RS is that it is positive semidefi-
nite, which ensures that its Fourier transform yields only pos-
itive PSD values. R is also an unbiased estimator.

Applying the Wiener—Khinchin theorem for infinite data
(Eq. 1) directly to finite data leads to the standard correlo-
gram estimator:

_k
xx k= Z Rxx n TR AL

n=—(N—1)
k=—(N-1),...,N—1, (11)
where RP_ is the standard biased estimator of the auto-

xXx,n
correlation function of x, defined by (Stoica and Moses,

2005)

N—1-
% Z XmtnX,, ifn=>0,
b =
Rixn = 1\’;"_ 1 (12)
N 2 XminXy ifn <O.
m:—n
Like RS, R®_ is positive semidefinite, but it is a biased es-

timator. Because of this, another correlogram estimator is
sometimes used:

gk
xx,k = Z Rxx n PTINT AL

n=—(N-1)
k=—(N-1),...,N—-1, (13)
where R}, , is the standard unbiased estimator of the auto-

correlation function of x, defined by (Stoica and Moses,
2005)

N—1-n

Nin > Xmnx,, ifn=>0,
u _ m=0
Riv = Fumy (14)
ﬁ Z Xm+nX:1 ifn <O.
m=—n

Although RY, is an unbiased estimator, it is not necessarily
positive semidefinite, potentially producing negative values
for SV,
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2.3 Nonparametric estimation of the power spectral
density from data with missing samples

Consider now an incomplete record of N — N’ samples span-
ning the time period T = N At, with N’ < N missing sam-
ples. Skipping missing samples to estimate the PSD using
any of the above estimators is equivalent to replacing the
missing samples with zeros. Records with missing samples
can therefore be represented as the product of the unin-
terrupted observed process x with a sampling series {w;},
n=0,...,N — 1, defined by

W — 1 if x, is recorded,
"7 1] 0 otherwise,

yielding the recorded series y, = w;,x,.

Since the Fourier transform of y is the convolution of
the Fourier transform of x with the Fourier transform of w,
the latter will influence the PSD estimation using the pe-
riodogram estimator (Eq. 8). Wiener—Khinchin’s theorem
shows that the resulting PSD will be biased since, with miss-
ing values replaced by zeros, the circular autocorrelation esti-
mator (Eq. 10) becomes biased, as there are less than N terms
available in the summations. But it also provides a way to
obtain an unbiased PSD estimator for data with missing sam-
ples, as first proposed by Jones (1962) (who used R}, rather
than RS, as proposed here), as follows:

s)

—i2nkn _
xxk_ZRx” N'At k=0,...,N—1, (16)
n=0
where R7, , is replaced by
R;V'lz
Z Ym)Y, forn =0,
" m=0
N=1-n 17
<Z Vm+n}m+ Z »,H,I,Ny,’;) forn=1,...,N—1,

where N, is the number of available data pairs for lag n,
given by

N, =
N—
Z w forn =0,
m=0
N—1—-n N—1 (18)
3 WpgnWm Y. Wmtn—NWn forn=1,..., N—1.
m=0 m=N—-n

Following Efromovich (2014), when no data is available for
a specific lag n (N, = 0), the autocorrelation for this lag can-
not be estimated and is set to zero. When at least one pair
of data is available for all lags, Eq. (17) is an unbiased esti-
mator of the autocorrelation of x, provided that the sampling
function w is independent of x.

We will also consider the standard unbiased estimator S},
(Eq. 13) by replacing Eq. (14) with

! N—1-n .
M, > YmtnYy ifn >0,
=0
R/Lrlx L= 1 1\’}1_1 . (19)
> Ymnyy ifn <0,
m=—n
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where M,, is the number of available data pairs for the lag n,
given by

N—1-n
3 wppnwy  ifn >0,
M,={ m=p (20)
> wpgnwy  ifn <O.
m=—n
An advantage of using RS, (Eq. 17) instead of R}, (Eq. 19)
is that N,, > M, for all lags n.
The estimator proposed by Gao et al. (2021) is
xx k= Z Rxx n _lznZNki_lnAt
n=—(N—-1)
k=—(N-1),...,N—1, 21
where R, is given by Eq. (19).

Finally, we will also consider the standard biased estima-
tor S°(Eq. 11) by replacing Eq. (12) with

1 N—1-n )
b Mo Z YmtnYy ifn >0,
RY = =0 (22)
> Ymtnys ifn<O.
m=-—n

This is equivalent to estimating the autocorrelation function
by simply replacing missing samples with zeros and correct-
ing for the energy loss due to the sampling window w. Divid-
ing by a constant value M instead of M,, ensures that R® is
positive semidefinite, but it is a biased estimator.

A problem when using Eq. (16) with Eq. (17), or Eq. (13)
with Eq. (19), when samples are missing, is that negative val-
ues can be obtained for the PSD at some frequencies, due to
the fact that the unbiased estimators of the autocorrelation
(Eq. 17) and Eq. (19) are not necessarily positive semidef-
inite. This motivated the use of the absolute value for the
estimator (Eq. 21) proposed by Gao et al. (2021). In the next
section, we illustrate that this seemingly undesirable property
of Egs. (17) and (19) is actually necessary to obtain unbiased
PSD estimates when averaging a very large number of inde-
pendent realizations.

For comparison, we will also consider the widely-used
Lomb-Scargle periodogram estimator S}I;X (Lomb, 1976;
Scargle, 1982) obtained using Matlab’s function plomb. An
efficient algorithm for computing Eqgs. (16)—(18) using the
fast Fourier transform, along with a generalization to esti-
mate the cross-correlation and cross-spectral density of two
stationary random processes, is provided in Appendix B
and at https://doi.org/10.5281/zenodo.18405064 (Chavanne,
2026), along with a similar algorithm for computing Eq. (13)
with Eqgs. (19)-(20) by zero-padding the time series with
N zeros to separate the two contributions from R}, to R},
(see Eq. A15 in Appendix A and Fig. 11.6 in Bendat and Pier-
sol, 2011). Therefore, an additional advantage of using RS,
(Eq. 17) instead of RY, (Eq. 19) is that it requires half the
memory usage to compute.

https://doi.org/10.5194/ascmo-12-59-2026
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Single realization of fractional Brownian motion with H = 1/3 (linearly—detrended)
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Figure 1. Example (one realization) for p = 33 % missing samples of (a) original fractional Brownian motion (with H = 1/3) series x,
(b) sampling function with Bernoulli missing samples wg, (¢) observed series y,, (d) sampling function with batch-Bernoulli missing
samples wp, and (e) observed series yp,. For better visualization, missing samples are not shown in (c) and (e), rather than being set to zero.

3 Applications

3.1 Fractional Brownian motion synthetic data

To illustrate the effects of missing samples on PSD esti-
mation, we first generate synthetic random data using Mat-
lab’s wfbm function, which generates fractional Brownian
motion signals for a given Hurst parameter H (0 < H < 1)
and length N, following the algorithm proposed by Abry
and Sellan (1996). Although the fractional Brownian mo-
tion is not a stationary random process, its spectral den-
sity exists for 0 < H < 1/2 and is proportional to f, (2H+1),
which corresponds to the limit of the periodogram estimate
when N — oo (Kuleshov and Grudin, 2013). We test two
values of the Hurst parameter, H = 1/3, which gives a spec-
tral slope —(2H +1)=—5/3, and H =1/2, which gives
a spectral slope —(2H + 1) = —2. The first slope value is
chosen to illustrate the case of isotropic homogeneous tur-
bulence in the inertial range, if the frequency f represents
the wavenumber (Kolmogorov, 1941; Obukhov, 1941, 1949;
Corrsin, 1951). The second slope value is chosen to illus-
trate the case of discontinuities associated with, e.g. atmo-
spheric or oceanic fronts (Boyd, 1992). For each value of H,
we generate M series of N samples, and the expected value
operator E is approximated by the arithmetic average over
the M realizations. Here, we chose N = 219 (yielding almost
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three decades in frequency) and M = 10*. Each series were
linearly-detrended using the Matlab function detrend. An ex-
ample of a linearly-detrended series for H = 1/3 is shown in
Fig. la.

3.1.1 Effects of autocorrelation function estimator

The autocorrelation functions of x for H = 1/3 estimated by
the different estimators are shown in Fig. 2a. Equation (A14)
is illustrated in Fig. 2b for real-valued series.

The PSD of x for H = 1/3 and H = 1/2 estimated by the
different estimators are shown in Fig. 3. With no missing
sample, all estimators recover the theoretical spectral slopes
over most of the frequency domain for both H =1/3 and
H =1/2, but S}, is noisier than the other estimators, espe-
cially at high frequencies, even when averaged over M = 10*
realizations.

3.1.2 Effects of missing samples

We now turn to illustrate the effects of missing samples on
PSD estimation. For each of the M series, we generate two
sets of sampling functions, w, with randomly missing sam-
ples occurring independently from each other (Fig. 1b) and
wp, with batches of consecutively missed samples of ran-
domly varying lengths (Fig. 1d). The number of missing sam-

Adv. Stat. Clim. Meteorol. Oceanogr., 12, 59-72, 2026
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Autocorrelation of fractional Brownian motion with H = 1/3
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Figure 2. (a) Estimates (averaged over M = 10* realizations) of circular unbiased autocorrelation R
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tion R}?X’ ,, (blue), and standard unbiased autocorrelation R}C‘x’ . (cyan). Equation (A14) is illustrated in (b), where the flipped standard biased

autocorrelation RP (dashed blue) and the sum R}gx,n +RY

xx,N—n

ples N’ is set to p percent of N for both sampling func-
tions. In order for N’ to maintain the same value for each
realization of w, and wp, they are generated as follows.
For wy, initially set to w,, =1, n=1,..., N, we gener-
ate N’ values j,, n=1,...,N’, comprised between 2 and
N —1 (to ensure that there are available samples at the begin-
ning and end of the time series), sampled uniformly at ran-
dom, without replacement, using the Matlab function rand-
sample, and set wy j, =0, n= 1,...,N’. For wp, we se-
quentially generate a series of lengths of batches of missing
samples by generating a first length L"", randomly taken be-
tween 1 and N’ using randsample, then a second length L',

randomly taken between 1 and N’ — L’]”, and so on until

Ni

> L™ =N’, where Ny, is the number of batches of miss-

n=1

ing samples. The series L)', n =1, ..., N, is then randomly

reordered using the Matlab function randperm. We also gen-

erate a series of lengths of batches of available samples, L{,

n=1,...,Np + 1 (to ensure that there are available samples

at the beginning and end of the time series) with a simi-
Np+1

lar procedure, such that ) L% =N — N'. Finally, we in-
n=1

terspace available and missing samples with their respective

batch lengths as follows: wp , =1,n=1,...,L{, wp,, =0,

n=L{+1,...,L{+LY, etc. w, is called a Bernoulli missing
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xx,N—n

(green) are also shown.

mechanism and is an example of missing completely at ran-
dom (MCAR), while wy, is called a batch-Bernoulli missing
mechanism and is an example of missing at random (MAR)
(Rubin, 1976; Efromovich, 2018; Little and Rubin, 2019).

In this section, we set p = 33 %. The resulting observed
series (with missing samples not shown instead of replaced
by zeros) are shown in Fig. 1c and e. PSD of the sampling
functions are computed using Eq. (8) and averaged over the
M realizations, showing that w, has a white spectrum while
wp, has a red spectrum (Fig. 4).

PSD of the observed series are computed using the dif-
ferent estimators presented in Sect. 2.3 and averaged over
the M realizations. Spectra for H = 1/3 are shown in Fig. 5.
For both missing data schemes, both S} and S} recover the
—5/3 spectral slope over most of the frequency range, but
these estimates get noisy at high frequencies, even when av-
eraged over M = 10” realizations, especially for SY..S° and
SL_ perform similarly, with a slightly biased spectral slope
for wy, and PSD leveling at high frequencies for w,. In con-
trast, Sgc is strongly biased for both missing data schemes.

The unbiasedness of S¥, and S, comes with an increased
variance of the estimator (Jones, 1962) and potential nega-
tive values at some frequencies (Jones, 1971), as illustrated
in Fig. 6 for f =0.1. Although PSD are always positive

for S°, Sk, and SO, the average values of these estimates

https://doi.org/10.5194/ascmo-12-59-2026
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Fractional Brownian motion with H = 1/3 Fractional Brownian motion with H = 1/2
a) \ D)
M =10000
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w* 10
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Figure 3. PSD estimates (averaged over M = 104 realizations) of fractional Brownian motion for (a) H = 1/3 and (b) H = 1/2, estimated
by SEX (thick black), S}C’x (blue), S}, (cyan), and S, (red). The theoretical spectral slopes are shown for reference (dashed black).
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Figure 4. PSD (averaged over M = 10% realizations) of the sampling functions w, (dashed line) and wy, (solid line) for p = 33 % missing
samples.
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Bernoulli missing (wa)
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Figure 5. PSD (averaged over M = 10* realizations) of the complete (without missing samples) fractional Brownian motion with H = 1/3
(thick black), and of the observed series with missing samples using SBX (blue), S}, (cyan), S$, (red), S)];X (magenta), and Sgc (green) for
the sampling functions (a) w, and (b) wj with p = 33 % missing samples. The theoretical spectral slope is shown for reference (dashed
black). The vertical dotted line in (a) indicates the frequency (f = 0.1) at which the PSD histograms are shown in Fig. 6.

are biased relative to the value obtained without missing sam-
ples. In contrast, negative values can be obtained with S},
and S%,, but the average values of these estimates are close
to the value obtained without missing samples. S}, has the
largest variance among all estimators tested.

Although negative PSD values are not physically mean-
ingful and may appear to be an undesirable feature of the
unbiased estimators, they are necessary for the unbiased-
ness of the estimators. Indeed, if one uses the absolute value
of Eq. (13) to convert negative values into positive values
(Fig. 6f), as proposed by Gao et al. (2021), the resulting av-
erage PSD (Fig. 5, green) are even more biased than those
obtained with classical estimators such as S, and ST .

To investigate the sensitivity of the different estimators to
the spectral slope, Fig. 7 shows the different estimated PSD
for fractional Brownian motion with H = 1/2. The results
are very similar to the case of H = 1/3 (Fig. 5), except that
both unbiased estimators S}, and S$, are even noisier at high
frequencies. Of course, noise could be reduced by increas-
ing M, but in practice the number of independent realizations
available is usually limited. Further averaging can be per-
formed by averaging PSD estimates within larger frequency
bins (i.e., band-averaging). This is illustrated using labora-
tory turbulence data in the next section.
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3.2 Case study: decaying turbulence in an active
grid-generated air flow

We now turn to an example involving actual data: air flow
velocities measured downstream of an active turbulence-
generating grid in the return-type Corrsin wind tunnel ex-
periment reported by Kang et al. (2003). The Reynolds num-
ber is Re) ~ 720. Velocities were measured using an X-wire
probe at a sampling rate of 40 kHz mounted at a downstream
distance of 20 L, where L = 0.152 m is the mesh size of the
grid. Following Kang et al. (2003), the 15 min duration veloc-
ity record was divided into M = 2195 segments (with 50 %
overlap) of N = 2!5 samples each. Velocity records for each
segment were linearly-detrended using the Matlab function
detrend. While Kang et al. (2003) multiplied each segment
by a Bartlett window prior to estimating PSD, here, follow-
ing Damaschke et al. (2024), we do not apply any window so
as to obtain asymptotically-unbiased estimates. The original
record is complete (no missing sample), and the PSD of the
streamwise velocity component is estimated using the peri-
odogram estimator S¥,, averaged over the M = 2195 realiza-
tions (Fig. 8, thick black). The spectrum is very similar to that
shown in Fig. 3 of Kang et al. (2003), with a spectral slope
close to —5/3 over two decades (10s~! < f < 103s™1).
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fractional Brownian motion with H = 1/3 and Bernoulli missing (wa)
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Figure 6. Histograms of M = 10* PSD estimates at a particular frequency (f = 0.1) of (a) the complete (without missing samples) fractional

Brownian motion with H = 1/3, and of the observed series with p = 33 % Bernoulli missing samples using (b) S}C’x, (c) SY,, (d) S)% v () S)Ic‘x,
and (f) Sg(. Vertical solid lines show the average values.
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Figure 7. Same as Fig. 5 for fractional Brownian motion with H = 1/2.
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Figure 8. Same as Fig. 5 for decaying turbulence in an active grid-generated air flow from Kang et al. (2003), with p = 50 % missing
samples. Spectra for data with missing samples have been band-averaged over N, = 25 frequency bins per decade.

To investigate the effects of missing samples on PSD es-
timation, we generate Bernoulli and batch-Bernoulli sam-
pling functions w, and wyp, respectively, with the same al-
gorithm used in the previous section. Here, we test the more
stringent case of p =50 % missing samples, a large value
beyond which time series are usually considered unusable
for conventional spectral analysis. Due to the larger frac-
tion of missing samples and the smaller number of realiza-
tions than in the previous section, the spectral estimates ob-
tained with S}, and S$, are very noisy (not shown). There-
fore, we further averaged all spectral estimates by band-
averaging over N, = 25 frequency bins per decade (Fig. 8).
With band-averaging, S}, and S5 have similar performances
and recover the —5/3 spectral slope over the two decades.
In contrast, SXGX is strongly biased for both missing data
schemes, while S, is biased only for the Bernoulli miss-
ing data scheme. S, is not shown because it would have to
be multiplied by a factor of 2 x 10* to be comparable to the
PSD without missing sample, and would then be very similar
to SP..

4 Discussion and conclusions
Wiener—Khinchin’s theorem for finite discrete data states

that the periodogram estimator (Eq. 8) is the finite discrete
Fourier transform of the circular estimator of the autocor-
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relation function of the signal RS, (Eq. 9), while the finite
discrete Fourier transform of the standard biased estimator
of the autocorrelation function R? . (Eq. 11), usually consid-
ered in the literature (e.g Stoica and Moses, 2005), yields
spectral estimates with twice the frequency resolution of the
periodogram estimator. Since R, is a biased estimator of
the autocorrelation function, the standard unbiased estimator
R}, is sometimes used to estimate the PSD (Eq. 13). This is
the estimator commonly used to estimate the PSD of a sig-
nal with missing samples, as first proposed by Jones (1962).
Here, we instead propose using the unbiased estimator RS,
since the number of data pairs available for each lag (N,) is
always greater or equal to the number (M,,) available for RY ,
which decreases the variance of the PSD estimator. Further-
more, computing RS, using the fast Fourier transform algo-
rithm requires half the memory usage necessary for comput-
ing RY,.

The effects of missing samples on the PSD estimation are
illustrated in Sect. 3.1 using fractional Brownian motion syn-
thetic data with Hurst parameters H =1/3 and H =1/2,
with constant power spectral slopes in log-log space of —5/3
and —2, respectively, along with synthetic Bernoulli (miss-
ing completely at random) and batch-Bernoulli (missing at
random) sampling functions with p = 33 % missing samples.
The results show that the standard estimator S°_, as well as

XX’
the commonly-used Lomb-Scargle estimator S* , are biased

xXx?
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and do not recover the original spectral slopes throughout
the frequency range. In contrast, SY, and S§, are unbiased
and recover the original spectral slopes throughout the fre-
quency range, but they have a much larger variance than the
biased estimators, especially for St , with possible negative
values for individual realizations. Although this may be seen
as an undesirable property of these estimators, we show that
this is actually a necessary feature to obtain unbiased esti-
mates. Indeed, trying to eliminate the negative values by tak-
ing their absolute value (as, e.g., Gao et al., 2021, did) leads
to strongly biased estimates and distorted spectral slopes.

Similar results are obtained using actual data from a lab-
oratory experiment of decaying turbulence in an active grid-
generated air flow (Kang et al., 2003), along with synthetic
Bernoulli and batch-Bernoulli sampling functions with p =
50 % missing samples. To reduce the high level of noise
of SY. and S%,, all spectral estimates were further band-
averaged over 25 frequency bins per decade. With band-
averaging, S}, and S7, have similar performances and re-
cover the —5/3 spectral slope over the same frequency range
as for the original data, while the other estimators remain bi-
ased.

To obtain an unbiased PSD estimator, Damaschke et al.
(2024) propose a combination of three methods, the first us-
ing S}, the second restricting the domain of the autocorrela-
tion function (maximum lag much smaller than N — 1) to re-
duce the variance of the spectral estimates, and the third cor-
recting the autocorrelation estimate after removal of the esti-
mated mean value of the signal. Their first method is almost
the same as that proposed here, except that we use Sy, in-
stead of S} .. Their second method is similar to that proposed
by Efromovich (2014) and provides unbiased PSD estimates
for random processes with finite memory, for which the au-
tocorrelation function becomes zero at lags beyond the mem-
ory length, provided the maximum lag considered is equal to
or longer than the memory length. Here, our synthetic data do
not have finite memory, as the autocorrelation function S},
does not tend to zero for large lags (Fig. 2a). Since actual
processes do not necessarily have finite memory, as in the
turbulence data considered in Sect. 3.2, we do not restrict the
domain of the autocorrelation function, accepting the large
variance of the resulting PSD estimates. Finally, since ac-
tual processes also do not necessarily have zero mean value,
the correction proposed by Damaschke et al. (2024) should
be used to obtain strictly unbiased PSD estimates. However,
even without applying their correction, the PSD estimator
proposed here is asymptotically unbiased as N — oo, so the
correction proposed by Damaschke et al. (2024) becomes un-
necessary for long time series, such as those considered here
(N > 210y,

As with the periodogram estimator Sk, one problem with
St is that it assumes that the observed process is periodic
with period T = N At. However, this is rarely the case for
actual processes, including those considered here, and the
lack of periodicity leads to spectral leakage of signal fre-
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quencies different from the resolvable Fourier frequencies,
which contaminates the estimated PSD. For the sake of ob-
taining asymptotically-unbiased estimates, this problem has
been ignored here. Spectral leakage can be reduced by win-
dowing the time series prior to estimating PSD (e.g., Stoica
and Moses, 2005) with any of the proposed estimators.

Appendix A: The Wiener—Khinchin theorem for finite
discrete data

Consider a time series of N samples {x,},n=0,...,N —1,
sampled at equally spaced time intervals At from an infi-
nite, continuous, and stationary random process x(¢), such
that x, = x(nAt), spanning the time period 7' = N At¢. Its
discrete finite Fourier transform is defined by
N-1 o
Xp= ) xye PN"At k=0,..,N—1, (A1)
n=0
at discrete Fourier frequencies

k
fi= (A2)

The periodogram estimator of the auto-spectral density
of x is defined by (Stoica and Moses, 2005)

1
Syx k= TXkX;:. (A3)

Using Eq. (A1), Eq. (A3) becomes

At N—1IN-1 0k
Seek =35 D D Anke WO, (A4)

n=0 m=0

Let n’ =n —m replace the variable n in Eq. (A4). The
summation limits for n’ are n’ = —m when n =0, and n’ =
N—1—m whenn = N—1, modifying the summation domain
as illustrated in Fig. Al. Then, Eq. (A4) becomes

—1 N—1
At i ko
Sxx ke = N E E X' Xy i2myn

n'=—(N—-1)m=—n'
N—1N—-1-n'

2

n'=0 m=0

: k 1
xm+nrx;;e7‘2”W" ) . (A5)

Defining the standard biased estimator of the auto-
correlation function of x as follows (Stoica and Moses, 2005)

| N—1-n’
¥ 2 Xmywxy, ifn >0,
b _ m=0
Rxx,n’ - | N—1 (A6)
N 2 XmywXy ifn’ <0,
m=—n’

Eq. (AS) becomes

N—1
ok
Seck= > RYeTTNTUAL k=0, ...
n'=—(N-1)

L N—1. (A7)
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Figure A1. Change of variables for the derivation of the Wiener—
Khinchin theorem (adapted from Bendat and Piersol, 2011).

REX W is a biased estimator, since its expected value is

Ry (n' AD). (A8)

N — 7|
b
E [RXX n ] =
An unbiased estimator, called the standard unbiased estima-
tor of the autocorrelation function of x (Stoica and Moses,
2005), can therefore be defined by
N b

xx,n'*

Ru

xx,n T

] (A9)

The right-hand side of Eq. (A7) looks like the finite Fourier
transform of R®_, but the summation is carried over 2N — 1
rather than N samples as in Eq. (A1). Consequently, the finite
Fourier transform of R)'?x yields 2N — 1 Fourier frequencies
fi =35 k=—(N—-1,...,N—1.

To estimate the auto-spectral density of x at the same
Fourier frequencies as in Eq. (A2), let n =n’ 4+ N replace n’
forn’ < 0and n = n’ replace n’ for n’ > 0 in Eq. (A5), which
becomes

N—-1 N-1
S At —i2n & yh
xx,k = 7 xn1+n Nx €

N—1N—-1-n ] .
+ Z Z xm+nx;;e_'2”N" .
n=0 m=0

Defining the circular unbiased estimator of the autocorre-
lation function of x as follows (Bendat and Piersol, 2011)

(A10)

Ri} n=
N-1
% > xmxp forn =0,
m=0
1 N—-1-n N-1 (All)
N Z X,,,+,,X:, + Z X,,,+”7NX:; forn=1,..., N—1,
m=0 m=N-n

Eq. (A10) becomes

“k_ZRx” S2TNIAL k=0,..,N—1.  (Al2)
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RS, , is an unbiased estimator, since the summations in
Eq. (Al1) are always carried over N data pairs, and there-

fore

E[RS ] = Rux(nAd). (A13)

The Wiener—Khinchin theorem (Eq. A12) states that the
periodogram estimator of the auto-spectral density of x is
the finite Fourier transform of the circular unbiased estima-
tor of the autocorrelation function of x. It is called circular
because, when using the finite discrete Fourier transform, the
time series x(¢) is considered periodic of period T = N At,
then x,;,4n—N = Xm4n SO that the second part of the right-
hand side of Eq. (A11) for n > 1 represents the remainder of
the autocorrelation terms for indices that go beyond N — 1,
for which the beginning of the time series is used again (see
Fig. 11.4 in Bendat and Piersol, 2011).

RS . . can also be expressed as

xx,n
RSen =R+ RIS N (Ald)
or equivalently

N —
RSy = S RY SR (A15)
In the limit of infinitely long time series,
yim Ropp= Hm R .. (A16)

Appendix B: Asymptotically-unbiased nonparametric
estimation of the cross-spectral density from
uniformly-spaced data with missing samples

The algorithm (implemented with Matlab) to obtain an
asymptotically-unbiased estimate of the cross-spectral den-
sity of two stationary random processes from uniformly-
spaced data with missing samples is detailed below.

Consider two series of N samples {x,} and {y,}, n =
0,....,N — 1, sampled at equally spaced time (or distance)
intervals At from two stationary random processes x(t)
and y(t), such that x, = x(nAt) and y, = y(nAt), spanning
the time period (or spatial length) 7 = N Ar. Suppose that
the series have Ny, < N and Ny < N missing values, respec-
tively.

If the time series are not taken from random processes with
zero mean values, an estimate of their mean values should be
removed from the time series:

X = x —nanmean(x);

y =y —nanmean(y).

Next, missing values should be replaced by zeros and sam-
pling functions defined by

if x,, is recorded,

1
Wx.n _{ 0 otherwise, (B1)
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and

) 1 if y, is recorded,
Wy.n = { 0 otherwise, (B2)
which is obtained by:

% replace missing samples with zeros
I = find(isnan(x));

x(I)=0;
J = find(isnan(y));
y(J)=0;

% sampling functions

wx = ones(size(x));

wx(l)=0;
wy = ones(size(y));
u)y(.]) =0.

Generalizing Eq. (8), the discrete finite cross-spectral den-
sity of x and y is defined by

sb —lXY* k=0 N—1 (B3)
xy’k_T k k — Uy ey 3

where X and Y are the discrete finite Fourier transforms of x
and y, respectively. With missing samples replaced with ze-
ros, Eq. (B3) is a biased estimator of the cross-spectral den-
sity of x and y.

Generalizing the Wiener—Khinchin theorem (Eq. 9), the
circular cross-correlation function of x and y is defined as
the inverse Fourier transform of S}C’y:

Xy,n

N-1
RSP, =8 TNIAL n=0,..., N 1. (B4)
k=0

With missing samples replaced with zeros, Eq. (B4) is a bi-
ased estimator of the circular cross-correlation function of x
and y, and is obtained by:

Rb = ifft(fft(x). * conj(fft(y))/length(x)).

Generalizing Eq. (18) using the Wiener—Khinchin theo-
rem, the number of data pairs available to estimate the cir-
cular cross-correlation function of x and y is given by:

WerW e V" At n=0,...,N—1, (BS)

where W, and W, are the discrete finite Fourier transforms
of wy and wy, respectively. Ny, is obtained by:

Npairs = round(real (ifft(fft(wx). x conj(fft(wy)))));

where the “round” and “real” operators are used to obtain real
integer values for Ny , even with machine precision errors.
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Then, the unbiased estimator of the circular cross-
correlation function of x and y is defined by
N
RSY = ——R%® pn=0,..,N—1. (B6)

xXy,n ny,n xy,n

If Nyyn =0, Ry, is set to zero. Ryy' is obtained by:

Ru = Rb xlength(x)./Npairs;
% if no data pair is available for a lag, set Ru to zero
Ru(find(Npairs == 0)) = 0.

Finally, the unbiased estimator of the cross-spectral den-
sity of x and y is defined by

N-—1
U= D RS eTTRIAL k=0,..,N—1, (B
n=0

and is obtained by:
Su = fft(Ru).

Code and data availability. Matlab software to generate syn-
thetic data, analyse data and reproduce figures is available at
https://doi.org/10.5281/zenodo.18405064 (Chavanne, 2026). Data
used and generated for this paper are provided as supplementary
material. The decaying turbulence data from Kang et al. (2003) was
obtained from https://engineering.jhu.edu/meneveau/hot- wire-data.
html (last access: 26 September 2025).
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