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Abstract. A critical question in climate science is whether climate model simulations are statistically consistent
with observations. If simulations and observations are treated as realizations of Vector Autoregressive (VAR)
models, then deciding that simulations and observations came from the same process is equivalent to deciding
that the parameters of the respective VAR models are equal. This framework has been developed in parts 1–5
of this series of papers, including extensions to account for annual cycles and radiative forcing. However, the
associated tests have been derived under the restriction of equal noise covariances. Previous studies have only
allowed unequal noise variances in univariate settings. This paper presents a general test of parameter equality
that applies to multivariate models, incorporates external forcing, and does not assume equal noise covariances.
Monte Carlo experiments indicate that the test statistic is well approximated by a chi-squared distribution for
large degrees of freedom, but that this distribution underestimates upper quantiles when the degrees of freedom
are small. This bias can be partially compensated by adopting a more stringent significance level (e.g., using a
1 % level to achieve a nominal 5 % Type I error rate). Applying the method to monthly 2 m-temperature from
an observational data set and climate model simulations aggregated over five regional domains reveals that most
climate models tested differ significantly from the observational data set, both in their transfer coefficients for
radiative forcing and in their AR coefficients, indicating differences in the representation of both internal and
forced variability.

1 Introduction

A key question in evaluating climate models is whether their
simulations are statistically consistent with observed vari-
ability. Autoregressive (AR) models offer a natural frame-
work for addressing such questions in a way that accounts
for temporal correlation. For instance, a climate model sim-
ulation can be evaluated by testing the hypothesis that it was
generated by the same underlying AR model as an obser-
vational record. In a series of papers (DelSole and Tippett,
2020, 2021a, 2022a, b, 2024), we developed this framework
and extended it to multivariate settings that account for both
forced and internal variability. We also introduced proce-
dures for testing the equality of separate model components,

such as AR coefficients, noise covariance matrices, and the
transfer coefficients associated with external forcing.

However, the above procedures for comparing separate
model components assume a common noise covariance
structure across the time series being compared. While this
assumption simplifies the derivation of maximum likelihood
estimates (MLEs), it does restrict the questions that can be
addressed. For example, one may wish to determine if two
time series share the same predictability or memory charac-
teristics. In univariate models, these properties are governed
by the time-lagged correlations, which depend solely on the
AR coefficients. Therefore, assessing if two time series share
the same predictability or memory characteristics requires
testing equality of AR coefficients, independently of differ-
ences in noise variance. Alternatively, one may wish to deter-
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mine if two time series exhibit the same co-variability with
external forcing. In AR models with exogenous inputs, this
property is governed by the regression coefficients that map
external forcing to the state variable, and likewise testing
this property requires testing the equality of regression coef-
ficients, without necessarily assuming identical noise struc-
tures. Grant and Quinn (2017) derived a likelihood ratio test
for equality of AR parameters that does not assume equal
noise variances, though only in univariate settings. The pur-
pose of the present paper is to extend this result to multivari-
ate models and to incorporate external forcing. This multi-
variate extension enables new classes of questions to be ad-
dressed, such as whether two multivariate time series share
the same teleconnection structure, as reflected in their cross-
variable co-variability, or exhibit the same response patterns
to a common forcing.

The rest of this paper is organized as follows. In Sect. 2,
we derive the likelihood ratio test for equality of parameters
in multivariate AR models – including coefficients associ-
ated with exogenous forcing – without constraining the noise
covariance matrices to be equal. Under these relaxed as-
sumptions, closed-form solutions for the MLEs are no longer
available, and iterative techniques must be employed. We
present an efficient algorithm for obtaining these estimates.
In Sect. 3, we use Monte Carlo simulations to assess the
finite-sample behavior of the resulting test statistics. Our re-
sults show that in many cases the test statistic approximately
follows a chi-squared distribution, as predicted by asymp-
totic theory. Discrepancies from the expected distribution are
quantified. In Sect. 4, we apply this test to compare obser-
vations and climate model simulations. We conclude with a
summary and discussion of our results.

2 Procedure for Comparing Time Series

Our method for comparing multivariate time series is based
on the Vector Autoregressive (VAR) model, generalized to
include forcing terms. Let {yt }

N ′

t=1 be a S-dimensional, real-
valued, discrete-time stochastic process, and let {f t }

N ′

t=1 be
a J -dimensional vector of forcing time series. Then we con-
sider a model of the form

yt =

P∑
p=1

Apyt−p +Cf t +wt , (1)

where t is time (in months) and

– Ap ∈ RS×S AR coefficients for p = 1, . . .,P ,

– C ∈ RS×J transfer coefficients

– wt ∈ RS noise term

The AR parameters {A1, . . .,AP } are assumed to yield a
stable process. The precise condition is well known (see
Lütkepohl, 2005, Sect. 2.1) but plays little role in this paper

and thus need not concern us. The noise term is Gaussian,
wt ∼N (0,0), where 0 is a positive-definite S× S covari-
ance matrix, and serially uncorrelated:

E[wtw
>
s ] = 0, t 6= s. (2)

In the statistics literature, f t is called an exogenous vari-
able and a model of the form Eq. (1) is called a Vector Au-
toregressive model of order P with exogenous inputs, de-
noted VARX(P ), where “X” denotes exogenous. In addition
to internal variability, the VARX model simulates a climato-
logical mean and annual cycle when the appropriate annual
harmonics and constant intercept are included in {f t }. The
forcings also include radiative forcing (the precise time se-
ries are described in Sect. 3). The forcing terms are treated
as deterministic, externally specified functions of time, rather
than as stochastic processes to be modeled probabilistically.
As such, the forcing terms are independent of the noise, and
hence E[wtf

>
s ] = 0 for all t, s. Under this interpretation, the

temporal structure of the forcing (whether trending, slowly
varying, or oscillatory) does not affect the validity of the sta-
tistical tests, which are derived conditional on the forcing.

We call {A1, . . .,AP } the AR coefficients, C the transfer
coefficients, and 0 the noise covariance matrix. The com-
plete set of parameters {A1, . . .,AP ,C,0} will be called
VARX parameters.

The VARX parameters are estimated from a multivariate
time series {y1,y2, . . .,yN ′}. We may collect the last N =
N ′−P steps of this time series in the N × S matrix

Y=


y>P+1
y>P+2
...

y>
N ′

 .
It follows from Eq. (1) that this matrix satisfies

Y= XB+E, (3)

where the design matrix X ∈ RN×(J+SP ) include the J forc-
ing time series {f t }

N
t=P+1 and P time-lagged versions of

Y, the matrix B ∈ R(J+SP )×S contains the AR coefficients
and transfer coefficients, and E ∈ RN×S is a random matrix
whose rows are independent and identically distributed as a
normal distribution with zero mean and covariance matrix 0

(Lütkepohl, 2005, Chap. 3). The format of Eq. (3) highlights
the linear regression structure of the VARX model. Similarly,
the second multivariate time series will be denoted by the
matrix Y∗ of dimension N∗× S and satisfies the equation

Y∗ = X∗B∗+E∗. (4)

with the same structure as in Eq. (3), and where the noise
covariance matrix associated with E∗ is 0∗.

Our goal is to test if two time series–such as a simulation
and an observational record–came from the same stochastic
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process. For VARX processes, determining if two time se-
ries come from the same stochastic process reduces to test-
ing equality of their model parameters. Rejection of the null
hypothesis indicates that the VARX representations differ,
but does not, by itself, identify which specific statistical fea-
tures are responsible for the difference. To gain more insight,
one may test the equality of particular subsets of the VARX
parameters that correspond to specific statistical properties
of interest. For example, to determine if the autocorrelation
structures of two time series differ, it may be sufficient to
test the equality of the AR coefficients alone, since in uni-
variate AR models, these parameters fully characterize the
autocorrelation function. Similarly, other scientific questions
may motivate tests targeting different subsets of the VARX
parameters.

We partition the model parameters into two groups: those
hypothesized to be common to both VARX models, and
those allowed to differ. Specifically, we decompose the de-
sign matrices as X= [X1 X2] and X∗ = [X∗1 X∗2], where X1
and X∗1 each have K1 columns, and X2 and X∗2 each have
K2 columns, with corresponding partitions of the coefficient
matrices

B=
(

B1
B2

)
and B∗ =

(
B∗1
B∗2

)
.

Then the two VARX models being compared are

Y= X1B1+X2B2+E (5)
Y∗ = X∗1B∗1+X∗2B∗2+E∗, (6)

where the matrices have the following dimensions:

Y∈RN×S Xi∈RN×Ki Bi∈RKi×S E∈RN×S 0∈RS×S

Y∗∈RN∗×S X∗i ∈R
N∗×Ki B∗i ∈R

Ki×S E∗∈RN∗×S 0∗∈RS×S ,

where Ki is the number of predictors in Xi , and i = {1,2}.
The hypothesis to be tested is

�c : B1 = B∗1, (7)

where the c denotes “constrained”. The hypothesis with no
restriction on coefficients is denoted�0. These two hypothe-
ses are specified in detail in Table 1. Importantly, equality of
noise covariances is not imposed on either hypothesis. We
use the likelihood ratio test to derive a test of �c versus �0.
Note that testing the equality of all coefficients (B= B∗) is
merely a special case of �c with K2 = 0.

The number of parameters P and predictors 8 associated
with each hypothesis are listed in Table 1 and obtained as
follows. For Eq. (5), the population parameters are B1,B2,

and 0. Each Bi containsKi predictors and therefore SKi pa-
rameters, where i = 1,2. Also, 0 contains S(S+ 1)/2 inde-
pendent parameters. Equation (6) contains the same number
of parameters. Therefore, the total number of parameters es-
timated under�0 is P0 = 2SK1+2SK2+S(S+1). Under�c,
the complete population parameters are B1,B2,B∗2,0,0

∗, in

Table 1. Summary of the hypotheses for comparing parameters
across two regression models with different noise covariances. A
hyphen indicates that the corresponding parameter is unrestricted.
The number of parameters8 and predictors P associated with each
hypothesis are listed in the last two columns.

i 0 B1 B2 8i Pi
0 �0 – – – 2K1+ 2K2 S80+ S(S+ 1)
c �c – B1 = B∗1 – K1+ 2K2 S8c+ S(S+ 1)

particular there is only one B1, so Pc = SK1+2SK2+S(S+
1)

The likelihood function of Eq. (5) is

L=

(
LI

(2π )S |0|

)N/2
exp

[
−2/2

]
, (8)

where LI is a term associated with the first P values of yt ,
and

2= tr
[
(Y−X1B1−X2B2)0−1(Y−X1B1−X2B2)>

]
Similarly, the likelihood function of Eq. (6) is

L∗ =

(
L∗I

(2π )S |0∗|

)N∗/2
exp

[
−2∗/2

]
, (9)

where

2∗ = tr
[(

Y∗−X∗1B∗1−X∗2B∗2
)(

0∗
)−1

(
Y∗−X∗1B∗1−X∗2B∗2

)>]
Since the noise in the two models are independent, the like-
lihood of both models L is the product of the two individual
likelihoods,

L= LL∗.

The next step is to estimate the B and B∗ that maximize
the likelihood function under �0 and under �c. The result-
ing coefficients are called the maximum likelihood estimates
(MLEs) of B�i and B∗�i , where i = 0 or c. For large N , we
follow the common practice of ignoring variations in LI and
L∗I , which corresponds to using the conditional likelihood
(Box et al., 2008) (Sect. 7.1.2). Under �0, the likelihoods
L�0 and L∗�0

have no common parameters and therefore can
be maximized separately. The resulting maximization prob-
lem is standard (e.g., Mardia et al., 1979, Chap. 6) and yields
the estimates

B�0 =

(
X>X

)−1
X>Y and B∗�0

=

(
X∗>X∗

)−1
X∗>Y∗.

and the associated degrees of freedom are

ν�0 =N −K1−K2 and ν∗�0
=N∗−K1−K2. (10)
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Before deriving the estimates B�c and B∗�c
, it is helpful

to summarize the rest of the procedure presuming that these
have been estimated. Specifically, the MLEs of 0 and 0∗ are

0�i = (Y−XB�i )
>(Y−XB�i )/N (11)

0
∗

�i
= (Y∗−X∗B∗�i )

>(Y∗−X∗B∗�i )/N
∗ (12)

where i = 0 or c. The deviance statistic for testing �0 versus
�c is

D′�0:c
=N log |0�c | +N

∗ log |0
∗

�c
| −N log |0�0 |

−N∗ log |0
∗

�0
|.

For sufficiently large N and N∗, the sampling distributions
converge to those predicted by linear regression theory (e.g.,
for the univariate case, see Theorem 8.1.2 and Sect. 8.9 of
Brockwell and Davis (1991) and Appendix A7.5 of Box et al.
(2008); for the multivariate case, see Sect. 3.4 of Lütke-
pohl (2005)). Accordingly, we assume that the sample sizes
are large enough for asymptotic theory to apply and there-
fore rely on linear regression theory for hypothesis testing in
VARX models. When �c is true, asymptotic theory (Hogg
et al., 2019) implies that D′�0:c

follows an approximate chi-
squared distribution with P0−Pc degrees of freedom, spec-
ified in Table 1. In other words, if �c is true, then

D′�0:c
∼ χ2

P0−Pc
,

Large values of D′�0:c
lead to rejection of �c.

As shown by Bartlett (1937, 1947) and discussed in An-
derson (2003) (Chap. 8), the chi-squared approximation can
be improved in finite samples by rescaling the deviance
statistic by a factor that depends on the degrees of freedom of
the underlying covariance matrices. We have explored such
corrections and find that they improve the agreement with
the chi-squared distribution in finite samples, but do not fully
eliminate the discrepancies. We believe this limitation arises
because the regression parameters are estimated by pooling
samples from two populations with different covariance ma-
trices (as shown below), so that the resulting residual covari-
ance matrices are unlikely to follow the Wishart distribution
that are assumed in the correction. Consequently, such cor-
rections can only partially account for finite-sample effects.
We find empirically that replacing N and N∗ with ν�0 and
ν∗�0

, respectively, yields a modified deviance statistic that
more closely matches the theoretical chi-squared distribu-
tion.

Under the above modification, the bias-corrected covari-
ance estimates are

0̂�i = (Y−XB̂�i )
>(Y−XB̂�i )/ν�0 (13)

0̂∗�i = (Y∗−X∗B̂∗�i )
>(Y∗−X∗B̂∗�i )/ν

∗
�0

(14)

where i = 0 or c, and the bias-corrected deviance statistic is

D�0:c = ν�0 log |0̂�c | + ν
∗
�0

log |0̂∗�c
| − ν�0 log |0̂�0 |

− ν∗�0
log |0̂∗�0

|. (15)

If �c is true, then

D�0:c ∼ χ
2
P0−Pc

. (16)

It remains to obtain the maximum likelihood estimates
under �c. It proves convenient to express the likelihood in
terms of a common set of regression coefficients

B=

B1
B2
B∗2

 . (17)

There is no loss in generality in omitting the 2π terms in
the likelihoods (because they cancel after computing the ra-
tio) and by considering the logarithm of the likelihood (since
the logarithm transformation does not change the location of
the maximum). Also, as discussed earlier, the terms LI and
L∗I are ignored. With these considerations, the log-likelihood
(times −2) becomes

−2logL�c = ν�0 log |0| + ν∗�0
log |0∗| +2+2∗, (18)

where in this notation

2= tr
[
(Y−XB) (0)−1(Y−XB)>

]
2∗ = tr

[(
Y∗−X∗B

)(
0∗
)−1(Y∗−X∗B

)>]
,

and where

X=
[
X1 X2 0

]
X∗ =

[
X∗1 0 X∗2

]
.

Differentiating with respect to B yields

∂

∂B
(
−2logL�c

)
=−2X> (Y−XB) (0)−1

− 2X∗T
(
Y∗−X∗B

)(
0∗
)−1

.

Setting this to zero and manipulating yields

X>Y0−1
+X∗TY∗0∗−1

= X>XB0−1
+X∗TX∗B0∗−1,

which is a linear matrix equation for B whose solution is
known (Lancaster, 1970). A straightforward solution method
is to use the following standard identity for any three matri-
ces A,B,C:

vec[ABC] = (C>⊗A)vec[B],

where vec[B] is a column vector obtained by stacking the
columns of B, and ⊗ is the Kronecker product (Seber, 2008,
Sect. 11.16). The final result is

vec[B̂] =
(
0−1
⊗X>X+0∗−1

⊗X∗TX∗
)−1

vec
[
X>Y0−1

+X∗TY∗0∗−1
]
, (19)
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where the inverse exists because the Kronecker product of
positive definite matrices is positive definite, and the sum of
positive definite matrices is positive definite (and of course
positive definite matrices are invertible). Maximizing the
modified likelihood with respect to 0 and 0∗ yields Eq. (13)
and Eq. (14), where B�c and B∗�c

are extracted from B̂ as de-
fined in Eq. (17). Equations (13), (14), (19) define a set of
nonlinear equations whose solution requires iterative meth-
ods. To start the iteration, we use the regression coefficients
for equal noise covariances, which can be solved directly as

B̂0=0∗ =
(
X>X+X∗TX∗

)−1(
X>Y+X∗TY∗

)
.

This solution is substituted into Eqs. (13) and (14) to obtain
updated estimates of the noise covariance matrices, which in
turn are substituted into Eq. (19) to obtain a new estimate of
B. These steps are repeated until convergence. Convergence
is monitored using the log-likelihood Eq. (18). Empirically,
by the fourth iteration the relative change in log-likelihood is
less than 1 % for 97 % of all pairwise comparisons. This find-
ing indicates that the iterative scheme is stable and rapidly
convergent in practice, although a formal theoretical analy-
sis of its convergence properties is beyond the scope of this
study. Given the consistently rapid convergence observed, we
terminate the algorithm after four iterations. Codes for per-
forming this test are publicly available (see code availability
statement).

3 Monte Carlo Simulations

In this section, we apply the above test and assess how well
the theoretical chi-squared distribution is realized in practice.
Our strategy is to generate simulations from two VARX mod-
els whose parameters satisfy a given hypothesis. Then, the
deviance between time series is computed from multiple re-
alizations to derive an empirical distribution of the deviances,
which is compared with the corresponding theoretical distri-
bution Eq. (16). This approach requires specifying numerical
values for the VARX parameters. To ensure that the values
used in the tests are representative of those that might be en-
countered in climate applications, we estimate VARX models
from observations and climate simulations.

Monthly mean 2 m air temperature is selected for analysis.
This choice is supported by a long history of using autore-
gressive models to simulate temperature variability (Leith,
1973) and predict temperature on monthly-to-decadal time
scales (Penland and Sardeshmukh, 1995; Newman, 2013).
Here, global temperature fields are spatially aggregated into
S = 5 broad regions, illustrated in Fig. 1. These regions are
derived from the climatologically consistent regions defined
by Iturbide et al. (2020a), but are aggregated according to
location (tropical, Northern Hemisphere, or Southern Hemi-
sphere) and surface type (land or ocean). Aggregation of tem-
perature over large spatial regions is expected to enhance
Gaussianity through the central limit theorem. While there is

Figure 1. The five spatial domains over which monthly mean 2 m
air temperature is averaged. White areas over the Mediterranean and
selected tropical land regions are excluded from the analysis.

evidence that temperature variability exhibits non-Gaussian
structure (Sardeshmukh and Penland, 2015), and that such
behavior can be captured using appropriate nonlinear exten-
sions of autoregressive models, these extensions are not con-
sidered here.

For observational data, we use monthly 2 m air tempera-
ture from the ERA5 reanalysis (Hersbach et al., 2020). Time
series of this variable averaged over the five analysis regions
are shown in Fig. 2 and exhibit clear warming trends. For
simulations, we use monthly 2 m air temperature from histor-
ical simulations conducted as part of the Coupled Model In-
tercomparison Project Phase 6 (CMIP6; Eyring et al., 2016).
We also have included the SPEAR model from the Geo-
physical Fluid Dynamics Laboratory (Delworth et al., 2020).
These simulations cover the 165-year period 1850–2014 and
are driven by radiative forcing from natural and anthro-
pogenic sources, with magnitudes constrained by historical
observations. A total of 27 distinct models were selected, rep-
resenting one model from each participating modeling cen-
ter, with a single ensemble member retained for each model.
The selected models are listed in Table 2. The simulated
global fields are aggregated to the same five spatial regions
defined in Fig. 1, allowing direct comparison with the corre-
sponding observations.

The available observations and simulations span different
time periods. Although the test does not require equal sam-
ple sizes, comparisons across non-overlapping periods com-
plicate interpretation, since detected differences could reflect
nonstationary changes rather than differences in model pa-
rameters. To avoid this ambiguity, we restrict the analysis to
a common time interval. In addition, only observational data
after January 1950 are considered in order to avoid known
data quality issues prior to this date (Chan et al., 2019). The
resulting ERA5 observations and CMIP6 historical simula-
tions overlap over the 65-year period 1950–2014, and all
analyses are therefore confined to this interval. This choice
corresponds to 780 months, and hence N =N∗ = 780−P .
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Figure 2. Anomaly time series of ERA5 2 m temperature averaged over the five spatial regions shown in Fig. 1. Anomalies are computed
with respect to the monthly climatology over 1950–2014.

To represent changes in radiative forcing from evolving
atmospheric composition, we use the estimates provided in
Table A3.4 of Annex III in the latest IPCC report (Den-
tener et al., 2021). Specifically, we include anthropogenic
aerosols (“Aerosols”), natural forcings (“Natural”), and the
residual obtained by subtracting these two from the total
forcing, which is dominated by well-mixed greenhouse gases
(“WMGHG”). The forcing data are annual means and were
linearly interpolated to monthly resolution for use in this
study (Fig. 3). We also include six annual harmonics to rep-
resent the seasonal cycle, along with an intercept term for the
climatological mean, giving 12 seasonal forcing functions in
total (note that this variability was removed to make Fig. 2).
Combined with the three radiative forcing terms, this yields
J = 15 forcing functions.

To select the model order, we use the Mutual Information
Criterion (MIC; DelSole and Tippett, 2021b), which selects
P = 1 or P = 2 for ERA5 and most CMIP6 models. In gen-

eral, it is preferable to slightly overfit rather than underfit.
Underfitting can leave residual serial correlation, violating
the independence assumption required for deriving the sam-
pling distributions of the deviance statistic. Overfitting, by
contrast, typically yields white-noise residuals, albeit at the
cost of increased variance in the parameter estimates. Impor-
tantly, the added uncertainty due to overfitting is explicitly
accounted for in the likelihood ratio test. From the perspec-
tive of this study, the main drawback of overfitting is the loss
of statistical power; i.e., increased probability of failing to
reject a false hypothesis (i.e., the likelihood of false nega-
tives). Consequently, model differences must be relatively
large to remain detectable when overfitting is present. As will
be shown below, these are not serious concerns in this study.
For these reasons, as well as considerations of simplicity and
consistency, we adopt P = 2 for all cases.

With the above choices, we obtain a VARX model of the
form Eq. (1) with S = 5,P = 2,J = 15. The choice of which
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Table 2. List of CMIP6 models and their modeling institutions.

Model Modeling Institution

AWI-CM-1-1-MR Alfred Wegener Institute, Germany
BCC-CSM2-MR Beijing Climate Center, China Meteorological Administration, China
BCC-ESM1 Beijing Climate Center, China Meteorological Administration, China
CAMS-CSM1-0 Chinese Academy of Meteorological Sciences, China
FGOALS-g3 Institute of Atmospheric Physics, Chinese Academy of Sciences, China
CanESM5 Canadian Centre for Climate Modelling and Analysis, Canada
CanESM5-1 Canadian Centre for Climate Modelling and Analysis, Canada
CNRM-CM6-1 CNRM/CERFACS, France
CNRM-ESM2-1 CNRM/CERFACS, France
ACCESS-ESM1-5 CSIRO-ARCCSS, Australia
EC-Earth3 EC-Earth Consortium
INM-CM5-0 Institute of Numerical Mathematics, Russia
IPSL-CM6A-LR Institut Pierre-Simon Laplace, France
MIROC6 JAMSTEC, AORI (University of Tokyo), NIES, Japan
HadGEM3-GC31-LL Met Office Hadley Centre, UK
UKESM1-0-LL Met Office Hadley Centre, UK
MPI-ESM1-2-HR Max Planck Institute for Meteorology, Germany
MPI-ESM1-2-LR Max Planck Institute for Meteorology, Germany
MRI-ESM2-0 Meteorological Research Institute, Japan
GISS-E2-1-G NASA Goddard Institute for Space Studies, USA
CESM2 National Center for Atmospheric Research (NCAR), USA
NorCPM1 Norwegian Climate Prediction Model Consortium, Norway
NorESM2-LM Norwegian Climate Centre, Norway
GFDL-CM4 NOAA Geophysical Fluid Dynamics Laboratory, USA
SPEAR NOAA Geophysical Fluid Dynamics Laboratory, USA
NESM3 Nanjing University of Information Science and Technology, China
SAM0-UNICON Seoul National University, South Korea
MCM-UA-1-0 University of Arizona, USA

Figure 3. Effective Radiative Forcings (ERFs) used in the
autoregressive models. The forcings include greenhouse gases
(WMGHG), anthropogenic aerosols, and natural forcings (e.g., vol-
canoes and solar variability).

subset of VARX parameters to test depends on the study’s ob-
jectives. For example, studies focused on internal variability
may test for differences in AR coefficients, whereas studies

concerned with forced variability may test for differences in
transfer coefficients. Our framework is general and can ac-
commodate any subset of coefficients. For the analyses pre-
sented here, we test the hypotheses listed in Table 3. For each
hypothesis h, the VARX parameters under �h are obtained
as described in Sect. 2 using ERA5 data and a single CMIP6
simulation. This yields a pair of VARX models with different
noise covariances, while the remaining parameters are either
equal or different according to the specification of �h. For
context, we find that the noise variances in observations and
simulations (i.e., the diagonal elements of the noise covari-
ance matrices 0 and 0∗) differ by up to a factor of eight for a
given spatial domain (not shown). These differences are not
claimed to be statistically significant; rather, they give con-
text for the magnitude of heterogeneity of noise variances
encountered in practical applications.

The question arises as to how to generate simulations that
contain both forced and internal variability specific to the
1950–2014 period. An efficient strategy exploits the linearity
of the VARX model. Specifically, we compute the internal
and forced components separately, then sum them to obtain
the 1950–2014 solution. The internal component is gener-
ated by integrating the VAR model without exogenous forc-
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Table 3. Summary of the hypotheses for comparing parameters across two VARX models with different noise covariances. “Equal” in-
dicates that the corresponding parameter is equal between two VARX models, and a hyphen indicates that the corresponding parameter
is unrestricted. “Forcing” indicates the transfer coefficients for GHG, AER, NAT forcings; “AR” denotes the AR parameters A1, . . .,Ap;
“annual cycle” denotes the coefficients of the annual harmonics; “intercept” denotes the constant intercept coefficient.

h hyp. forcing AR annual cycle intercept Ph Ph−1−Ph
0 �0 – – – – 250
1 �1 equal – – – 235 15
2 �2 equal equal – – 185 50
3 �3 equal equal equal – 130 55
4 �4 equal equal equal equal 125 5

ing from an arbitrary initial state, discarding the first 65 years
to remove transient spin-up, and then continuing the run to
produce a long record. Consecutive 65-year segments are ex-
tracted as realizations of internal variability. The forced com-
ponent is obtained by integrating the noise-free VARX model
from 1750 (the start of the forcing data) to 2014, again from
an arbitrary initial state. Because the system is damped, all
memory of the initial condition vanishes by 1950, and since
the forcing is deterministic, this integration needs to be per-
formed only once to obtain the forced component. Finally,
each 65-year segment of internal variability is combined with
the 1950–2014 segment of the forced run to generate realiza-
tions containing both forced and internal variability, which
are then used to compute the deviance.

In what follows, we present results for �4. A key ad-
vantage of simulating under �4 is that the other hypothe-
ses �1, �2, and �3 are also true by construction, allow-
ing them to be tested separately using the same simulations.
We have conducted separate simulations under �1, �2, �3,
but the results are sufficiently similar to those for �4 that
they are not shown. We generate simulations of internal vari-
ability that are 1000 times longer than the original time se-
ries. Each consecutive 65-year segment is combined with the
1950–2014 solution from the forced variability run, produc-
ing 1000 synthetic 65-year segments containing both forced
and internal variability. This enables the comparison test to
be performed 1000 times, yielding 1000 deviance values un-
der the specified hypothesis. Implementing this procedure
requires integrating the VARX model to simulate approxi-
mately 65 000 years for each CMIP6 model and 65 000 years
for ERA5. Repeating the process for all 27 models produces
a total of roughly 3.5 million simulated years from the VARX
model. These computations were relatively inexpensive: the
full set of simulations was completed in a few hours on a
standard MacBook Pro.

A Q–Q plot comparing deviance values with the corre-
sponding theoretical chi-squared distribution for a specific
model (CESM2) is shown in Fig. 4. The chi-squared distri-
bution is closely followed for �2 and �3, as indicated by the
close alignment of the points with the 1 : 1 reference line. In
contrast, for �1 and �4, the theoretical distribution tends to

underestimate the upper quantiles of the Monte Carlo simu-
lations. The latter two hypotheses also have relatively few
degrees of freedom compared to the others (see Table 3),
suggesting a potential bias when the degrees of freedom are
small.

Results for the remaining models follow the pattern il-
lustrated in Fig. 4: the theoretical chi-squared distribution
tends to underestimate the upper quantiles for �1 and �4,
while providing a reasonable approximation for �2 and �3
(not shown). To quantify these discrepancies more precisely,
Fig. 5a shows the empirical Type I error rates across models
when the 5 % critical value from the chi-squared distribution
is used. For each model, the Type I error rate is computed
as the fraction of Monte Carlo samples whose deviance ex-
ceeds the 5 % critical value from the chi-squared distribution.
For �1, �2, and �4, the empirical Type I error rates gener-
ally exceed the 5 % level, reaching values as high as 20 % in
some cases. Thus, when the theoretical distribution is used
for these hypotheses, the probability of falsely rejecting the
null hypothesis is higher than intended. In practical terms, the
test may identify significant differences in VARX parame-
ters more frequently than warranted when the null hypothesis
is true. This bias can be partially mitigated by reducing the
significance level in the chi-squared distribution. Figure 5b
shows the adjusted significance levels in the chi-squared dis-
tribution required to achieve an empirical 5 % Type I error
rate for each model. These adjusted levels are obtained by
estimating the 95th percentile of the deviance statistic from
the Monte Carlo simulations and then computing the corre-
sponding p-value under the theoretical chi-squared distribu-
tion. The resulting adjusted significance levels are typically
in the range 0.5 %–2 %, indicating that applying the test at
these more stringent levels yields Type I error rates closer
to the intended 5 %. For �3, the discrepancy has the oppo-
site sign: the empirical Type I error rate is slightly below the
intended 5 % level, although the deviation is comparatively
small.
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Figure 4. Q–Q plots comparing deviances from Monte Carlo simulations with the corresponding theoretical chi-squared distribution for the
hypotheses �1, �2, �3, and �4 defined in Table 3. The red line denotes the 1 : 1 reference, and the dashed grey vertical line marks the
95 % critical value of the chi-squared distribution under each hypothesis. The degrees of freedom for comparing �h to �h−1 are given by
(Ph−1−Ph), as listed in Table 3.

Figure 5. Type I error statistics of tests of hypotheses �1,�2,�3,�4 (defined in Table 3) estimated from Monte Carlo simulations of 27
VARX models trained on CMIP6 simulations. (a) Empirical Type I error rates obtained using the nominal chi-squared critical value at the
5 % significance level. Box-and-whisker plots summarize results across CMIP6 simulations: boxes indicate the interquartile range, thick lines
denote the median, whiskers extend to 1.5 times the interquartile range, and circles indicate outliers. (b) Adjusted significance levels in the
chi-squared distribution required to achieve an empirical 5 % Type I error rate, as estimated from the Monte Carlo experiments discussed in
the text. Note that the y-axis have different ranges and are shown on a logarithmic scale.

4 Comparing CMIP6 Simulations to Observations

We now apply the proposed test to assess if CMIP6 simula-
tions are statistically distinguishable from observations. For
this analysis, we include all available climate models, allow-
ing multiple models from the same center and up to three
ensemble members per model, for a total of 108 simulations.

Our focus is on whether the simulations produce realistic in-
ternal variability and responses to external forcing, which are
governed by the AR coefficients and the transfer coefficients
for radiative forcing.

The results of testing equality of transfer coefficients asso-
ciated with radiative forcing between ERA5 and the CMIP6
simulations are shown in Fig. 6. Using the nominal signifi-
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Figure 6. The deviance statistic for testing equality of transfer coefficients for radiative forcing between observations (ERA5) and each
CMIP6 simulation of monthly 2 m-temperature over 1950–2014. The results are spread across two panels. The temperature field is rep-
resented by the five domains shown in Fig. 1. The left and right red lines denote the 5 % and 0.5 % significance thresholds, respectively;
points to the right indicate significant deviances, meaning that a significant difference in the corresponding VARX parameter was detected
at the prescribed significance level. Models are ordered by their deviance values, with individual ensemble members listed separately when
available.

cance level of 5 %, approximately 90 % of the CMIP6 mod-
els exhibit statistically significant deviance values, indicat-
ing that transfer coefficients differ significantly from those
inferred from observations for the majority of models. When
accounting for a potential bias in Type I error by adopting
a more stringent significance level of 0.5 %, differences in
transfer coefficients still are detected in 72 % of the CMIP6
models. In both cases, the number of detected differences
far exceeds the nominal 5 % rate expected if CMIP6 mod-
els were consistent with observations.

Note that each hypothesis test is interpreted individually
and the reported fractions of rejections are compared against
the expected Type I error rate. No global hypothesis across
models is being tested. The purpose of the analysis is to doc-
ument model-by-model differences relative to observations,

as is common in model evaluation studies. If one were in-
stead testing a global null hypothesis that all models are con-
sistent with observations, then multiple-testing adjustments
would be required.

The results of testing equality of AR coefficients between
observations and CMIP6 simulations are shown in Fig. 7. In
this case, 94 % of the CMIP6 models have deviances that
exceed the nominal 5 % significance level, and 87 % of the
models exceed the threshold for 0.5 % significance. In both
cases, the number of detected differences in AR coefficients
far exceeds the expected Type I error rate of 5 % if the CMIP6
models were consistent with observations. When both AR
coefficients and radiative transfer coefficients are tested, ev-
ery CMIP6 model exhibits significant deviances from obser-
vations (not shown).
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Figure 7. Same as Fig. 6, but for testing equality of AR coefficients.

The VARX specification may not capture all relevant forc-
ings present in observations and CMIP6 simulations. In
such cases, omitted common forcings could induce cross-
correlation between the residuals of the two fitted models.
To assess this possibility, we examined cross-correlations
of VARX residuals pooled across the five regions and 108
time series (28 890 pairwise correlations, not all indepen-
dent). The empirical 5–95 percentile range of correlations is
(−0.051, 0.100). These magnitudes are small and correspond
to less than 1 % of the variance (i.e., r2

≤ 0.01), providing
no evidence of substantial residual dependence attributable
to omitted common forcings.

5 Summary and Conclusions

This study developed and applied a statistical method for rig-
orously comparing the parameters of Vector Autoregressive
models with exogenous inputs (VARX) trained on climate
model simulations and observations. The approach extends
methods developed in our previous work (DelSole and Tip-

pett, 2020, 2021a, 2022a, b, 2024) by removing the require-
ment of equal noise covariances. As such, the new method
allows more targeted subsets of model parameters to be com-
pared, enabling direct investigation of which statistical fea-
tures differ between two time series. An important applica-
tion is to determine if two time series share the same pre-
dictability or memory characteristics. In univariate models,
these properties are governed by the time-lagged correla-
tions, which depend solely on the autoregressive coefficients,
and hence could be compared by testing the equality of AR
coefficients independently of differences in noise variance.
A complementary application is to determine if two time se-
ries exhibit the same co-variability with external forcing. In
VARX models, this property is governed by the transfer co-
efficients and likewise requires testing their equality without
assuming identical noise structure.

The test is based on the likelihood ratio, with an iterative
method to solve the resulting nonlinear system of equations.
Monte Carlo experiments reveal that, for large degrees of
freedom, the test statistic follows an approximate chi-squared
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distribution as predicted by asymptotic theory. For small de-
grees of freedom, the Type I error rate tends to be inflated; for
instance, for a prescribed 5 % significance level, the empiri-
cal Type I error rate often was higher, reaching about 20 %.
This bias is correctable to some extent by adjusting the nom-
inal significance level from 5 % to 0.5 %–2 % (see Fig. 5b).
In applications where more accurate control of Type I error
is required, bootstrap-based calibration of critical values may
provide a useful refinement.

Applying the method to monthly 2m-temperature data
from ERA5 and historical CMIP6 simulations revealed that
over 90 % of the CMIP6 models have transfer coefficients
and AR coefficients that differ from those inferred from ob-
servations at the 5 % significance level. Adopting more strin-
gent significance levels to compensate for the potentially bi-
ased Type I error rate still leads to detectable differences
in the AR parameters and transfer coefficients in at least
three quarters of the CMIP6 models. Moreover, none of the
CMIP6 models examined are consistent with ERA5 in both
the autoregressive and transfer coefficients. Discrepancies
in these parameters are particularly important because they
govern how the VARX model responds to anomalous forc-
ing. Taken together, these results suggest that many current
CMIP6 models exhibit systematic differences from ERA5 in
their simulated responses to enhanced radiative forcing.

Beyond the application considered here, the proposed
framework is broadly applicable to climate variables that are
well represented by low-dimensional VARX models, which
encompasses many quantities that are routinely analyzed us-
ing Linear Inverse Models and related stochastic-dynamical
approaches. While the examples in this study are based on re-
gional averages, the proposed framework extends naturally to
spatiotemporal fields through suitable dimension reduction,
for example to the leading principal components of spatial
fields or to multivariate state vectors comprising physically
distinct variables with different units. A key assumption is
that the dominant external forcings are known and explicitly
included in the VARX formulation. If an important forcing
that affects one data set is omitted from the model, the as-
sociated forced signal may be misattributed to internal vari-
ability or manifest as residual correlations across data sets,
thereby violating the assumed independence of the residu-
als. The framework is further restricted to Gaussian processes
of modest dimension and may be less suitable for variables
exhibiting pronounced nonlinearities, regime behavior, long-
memory properties, or heteroskedasticity. Several of these
assumptions can be relaxed through model extensions; for
example, the framework can be generalized to cyclostation-
ary processes, which would further expand its applicability
to seasonally varying climate dynamics.

Code and data availability. The analysis codes used in this study
are archived at Zenodo and available under an open-source license
(DelSole, 2025). A versioned release has been archived with a
persistent DOI: https://doi.org/10.5281/zenodo.17177074. The ac-
tive development repository is hosted on GitHub at https://github.
com/tdelsole/VARX-Unequal-Noise-Test (last access: 22 Septem-
ber 2025). The core function tests the hierarchy of hy-
potheses in Table 3. The ERA5 data used here were ob-
tained from https://doi.org/10.24381/cds.f17050d7 (Hersbach et
al., 2023). The CMIP6 data were obtained from https://aims2.
llnl.gov/search (last access: 22 April 2024). The CMIP6 at-
las regions of Iturbide et al. (2020a) were obtained from
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